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Evolutionary trees are used in biology to illustrate postulated ancestral relationships 
between species and are often called phylogenetic trees. They can be characterized in graph 
theoretic terms by certain classes of labelled trees. Disjoint subsets of the labelling set are 
assigned to tree vertices so that all pendant vertices and any vertices of degree two are labelled. 
Here we determine exact and asymptotic numbers for two classes of trees in which multiple 
vertex labels are allowed. In the first class vertices of degree two are forbidden and in the 
second class vertices of degree greater than two cannot be labelled. A general method is 
presented for deriving the asymptotic analysis of any multiple label case. Asymptotic results for 
the two classes of trees under study are then obtained by applying this method to previously 
published results. This paper completes work by the authors on the enumeration of various 
classes of phylogenetic trees. 
1. Introduction 
Biologists often represent postulated evolutionary relationships between exist- 
ing biological species by means of a tree. Such a diagram, linking related species 
to a common ancestor, is called a phylogenetic tree or phylogeny. 
In this paper we define a phylogeny to be a tree in the graph theoretic sense 
together with a set (1, 2, . . . , n}, of labels and a function f, mapping the labels 
into the vertex set of the tree. Every vertex of degree less than three in the tree 
must be in the image of f Note that some vertices may possess multiple labels 
and some vertices no label at all. The label set corresponds to a given set of 
existing species. The magnitude of a phylogeny is the number n of its labels. The 
order of a phylogeny is the number of vertices in it. A planted phylogeny is a 
phylogeny having a pendant vertex which is distinguished, and is termed its root. 
This root represents the common ancestor of all the species in the labelling set 
and thus is not given one of the labels of this set. The construction and the 
biological significance of phylogenies have been discussed by many authors. See 
Penny et al. [l l] for a recent exposition. The graph theoretic notation and 
terminology used in this paper is fully defined in the book by Harary [7]. 
The above mentioned paper by Penny et al. discusses the determination of 
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phylogenies which satisfy the optimality criteria of various scientific models of 
evolution. In the search for phylogenies which are optimal in this sense it is of 
interest to know how many possible feasible phylogenies exist for a given set of n 
labelled species. The exact and asymptotic numbers of phylogenies with given 
magnitude was calculated by the present authors in [3]. The mean and variance of 
the orders of these trees was also determined as well as the effect of requiring that 
each label be a singleton. The authors carried out the same analysis for binary 
phylogenies in [4]. The effect of restricting the labelling to pendant vertices was 
also studied. In [5] this analysis was carried out for phylogenies without vertices 
of degree two and where only pendant vertices are labelled. Once again the effect 
of making all the labels singletons was studied. In [6] the analysis was repeated 
for phylogenies which are labelled only with singletons and where there are no 
vertices of degree two. A second case was also analysed in which there are no 
restrictions on vertex degree, all nonempty labels are still singletons, but only 
vertices of degree one or two can be labelled. The four papers just referenced 
comprise an analysis of 10 classes of phylogenies. There are two remaining cases 
which complete the set of all feasible combinations of restrictions on vertex 
degree, labelling, and label size: 
Case 1. There are no vertices of degree two, and interior vertices may possibly be 
labelled. 
Case 2. There are no restrictions on vertex degree, and only vertices of degree 
one or two can be labelled. 
In each of these cases, labels need not be singletons. In the biological context, 
this corresponds to the case where different species cannot be distinguished by the 
comparison criterion being used to construct the phylogeny. 
The objectives and terminology which are common to the two cases are now 
introduced. We denote by T, the number of phylogenies of magnitude n. A useful 
device is the exponential generating function: 
T(x) = 2 T,x"/n! 
n=l 
(1.1) 
It is also useful to calculate the mean and variance of the numbers of vertices in 
phylogenies of given magnitude. This is done by determining Tn,p, the number of 
phylogenies with magnitude n and order p. The corresponding exponential 
generating function is 
m 2n-2 
T(x, y) = c c Tn,#‘ypIn! 
n=l p=l 
(1.2) 
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Note that 
T(x) = T(x, 1). 
A proof that 1 SJJ 6 2n - 2 is given in [2]. 
The numbers just discussed are first determined for planted phylogenies. We 
denote by P,, the number of planted phylogenies of magnitude n and P,,+,, the 
number of these of order p. Further, we define the exponential generating 
functions: 
P(x) = i: P,Y/n! 
?I=1 
= 2n-2 
(1.3) 
P(x, y) = c 2 Pn,px”y”h!. 
n=1 p=l 
(1.4) 
We also wish to determine the pn, and the variance ai, of the number of 
vertices among all the phylogenies with magnitude n. We can achieve this by 
using the following recurrence relations for the first and second moments about 
the origin: 
2n-2 
T?‘= c pTz,p, (1.5) 
p=l 
2n-2 
TL2’ = 2 p2Tnj,. (1.6) 
p=l 
Of course 
p,, = T:“/T n 
and 
a; = ( TL2)/Tn) - /if,. 
We define exponential generating functions for these moments: 
(1.7) 
(1.8) 
T”‘(x) = 2 Til)x”/n !, 
n=l 
Tc2’(x) = 2 Ti2jx”ln ! 
n=l 
(1.9) 
We note that 
T@‘(x) = T ( Y XJ 1) (1.10) 
and 
Tc2’(x) = TyJx, 1) + T,(x, 1). (1.11) 
Hence we can evaluate the moment generating functions by using (1.10) and 
(1.11). 
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Let 
We can 
s = T(2) _ p 
n:, =;p, n J 
R(x) = T(l)(x) 7 and 
S(X) = P’(X) - R(x). (1.12) 
compute values for T$i’, TL”, S,,, y,, and at by using values for P,,, T,, 
and (1.3)-(1.12). 
2. Transformation from single to multiple labels 
We note that Case 1 differs from another case analyzed previously by us in 
[6, 021 only in that multiple labels are allowed at each vertex, instead of being 
restricted to being at most one. Case 2 differs from that of [6, 031 in the same 
way. In this section we show how to derive the exact and asymptotic values of the 
numbers of interest in both of these cases from the available results for the 
singleton label cases. In fact, the assumptions required in our analysis are true 
also for four other cases previously studied by the authors ([3 04, 4 02, 4 04, 
5 $21). Thus the results to be derived could be used to give an alternative 
treatment of those cases. 
Let P, f, l?, and s denote the functions for the singleton label case 
corresponding to P, T, R, and S respectively. Whereas the exponential 
generating function for labelling a vertex with a single label is X, it is (eX - 1) for 
multiple label cases. This is because any vertex may receive any positive number 
of labels. For any k 3 1 there is just one way to assign k labels to a vertex. 
Interleaving of label sets is accounted for in multiplying exponential generating 
functions together; see [8, chapter 1) for an account of the uses of exponential 
generating functions in labelled enumeration. Thus P(x) = p(ex - l), T(x) = 
i’(ex - l), R(x) =.R(ex - l), and S(X) = S(eX - 1). From the fact that (eX - l)k/k! 
is the exponential generating function 
2 s(n, k)x”/n! 
n=l 
(2.1) 
for Stirling numbers of the second kind, it follows that 
P,, = 2 S(n, k)&, II 2 1. 
k=l 
(2.2) 
The analogous equations hold for T,, R,, S, where in these cases II > 2. Stirling 
numbers are readily calculated from the recurrence 
s(n + 1, k) = S(n, k - 1) + kS(n, k) (2.3) 
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which holds for k 2 1, and from the boundary conditions: 
s(0, 0) = 1, S(0, k) = 0 if k > 0, S(n, 0) = 0 if Iz > 0. 
We now assume that P(X), T(x), R(x), and S(X) all have the same radius of 
convergence p, 0 < p < 1, and that for each of these series the sole singularity on 
the circle of convergence 1x1 = p is the positive real point x = 0 when x is viewed 
as a complex variable. We also assume that in some neighborhood of x = p, an 
expansion of the form 
~(X)=ao-a,(P-x)f+a,(P-X)+a,(p-x)l+... 
is valid, where a, > 0. 
(2.4) 
It should be clear that p = ln(1 + p) is the radius of convergence of the series 
P(x). For if 1x1 G p then 
,f-Ij=/ x+5+*+... 2 Q ( 
2 P3 sp+$+T+...=ep-_l=jj, 
with equality only if nc = p. Thus P(x) is analytic inside the circle 1x1 = p, and at 
all points on the circle except possibly for x = p. By expanding P(X) in a 
neighborhood of x = p it will be shown that p is, in fact, a singularity of P(X). 
This establishes p as the radius of convergence of P(X), and also as the sole 
singularity of P(X) on its circle of convergence. 
Asymptotic results can now be deduced by applying Stirling’s formula, since 
the coefficient of xn in (1 -x)-’ is just T(s + n)/r(s) r(n + 1) provided that 
s#O, 1, 2,. . . . By Stirling’s formula this ratio can be expressed as 
It 
s-l 
-(l+~+O(vYz)) 
r(s) 
(2.5) 
for n--, a. In (2.4), then, the term --al@ - x)4 contributes 
~u,~-$jfn-ipc-“) ( 1+; + 0 + ( >> n
to pn. The next term, a& -x)9, contributes 
when taken to the same order. The remaining terms collectively contribute 
O(n-fp(+)), as can be deduced from Darboux’s Theorem (see Theorem 4 of 
Bender [l]) or from Polya’s Lemma (see [9]). Adding these up, we have 
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where 
- t 
APE5 P 0 2 n 
and 
jj =2,3a3t5 
p 8 2a, 
Note that the previous two equations can be solved for a, and a3, giving 
(2.6) 
To use the relation P(x) = p(eX - 1) requires that eX - 1 be substituted for x in 
our expression for P(X). Using 0 = e P - 1 we find that (p -x) should therefore 
be replaced by 
p - (e* - 1) = p + 1 - eP-W-x) 
= p + 1 - (p + l)e-(Pm*) 
= (p + l)[l - e-(P-X)] 
= (1t p)(p - X)[l - ;(P - x) f . * -1. 
In this way (2.4) yields 
P(x) = -al(l + p)i(p - x)” + (% (1+ P)i + a,(1 + P)‘J(p - x)i + . . ’ 
As before, (2.5) then gives 
where 
A = a1(1+ p)‘L,n 
P 2x765 
and 
z3p=;(l+p)+~(l+p)p. 
1 
Substituting for a, and a3 as in (2.6) one finds 
A, = (” y)‘)‘A, (2.7) 
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and 
The transformation of T(x) to T(X) proceeds in the same way, although some of 
the constants are different due to the fact that the leading term for T(x) is of 
order (p - x); rather than (p - x)‘. The resulting relations are 
and 
B,=y+{(l+p,B,-F};. 
Here AT, BT are the constants such that 
and AT, 8, play the same role for T,. 
The transformation of R(x) to R(x) is exactly like that of P(X) to P(X) because 
the leading term for R(x) is of the same order, (p - x);, as for P(X). Therefore 
equations (2.7) apply directly with the subscript P replaced by R throughout. 
The transformation of S(X) to S(x) is different in certain constants because the 
leading term for S(X) is of order (p -x)-i. The relations for S(x) which parallel 
(2.7) and (2.8) are 
(2.9) 
and 
Bs = - $ + ((1 + p)& + t} $. 
It is understood that 
~p”n~=A,(l+~+ O(f)), 
and similarly for & and &. 
Since ,u, = R,IT, and fin = Z?,l T,, we can apply (2.7) (as it applies to R, instead 
of P,) and (2.8), which give 
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where 
*, = (‘1 +py’Ap (2.10) 
and 
B,= -$+{(l+p)&+$};. 
Of course A, and BP are the constants giving the first two terms of the asymptotic 
expansion for j&/n. 
To evaluate ai asymptotically it is now assumed that &A, = Ai, which is 
equivalent to the asymptotic condition 
One can then work from the relation 
along with (2.8), (2.9), and (2.10) to calculate that 
u* 
“=A,+0 1 
n 0 n 
where 
3. Case 1 
(2.11) 
The results of Section 2 can now be applied with P(x), T(x), R(X), and s(x) 
taken to be the counting series for Case 1 of [6 Q2]. There p = 0.3102333374. . , 
so we have p = ln(1 + p) = 0.2702052403. In [6 921 the values of A,, BP, AT, & 
JR, BR, A,, B,, A,, &, and A, are all determined to 10 significant digits. At the 
same time the various assumptions made in Section 2 concerning the series and 
their asymptotic behavior are verified. Consequently it is simply a matter of 
numerical calculation to use the values obtained in [6 321 as input to equations 
(2.7), (2.8), (2.9), (2.10), and (2.11) to obtain: 
A, = 0.1707982096. . . ,
BP = 0.3181314364. . . , 
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Also 
AT = 0.0723245687. . . ,
BT = 2.043867691. . . , 
where 
Also 
AR =0.0968670732..., 
BR = 0.9170219933. . . , 
where 
Also 
A, = 1.339339038 . . . , 
B, = -1.117847390.. . , 
where 
. 
Also 
As = 0.1297377923. . . ,
Bs = -0.6559227561. . . , 
where 
S,=n!p-“n_iA, 
Finally 
A, = 0.5229767183. . . , 
where 
a; = nA, + O(1). 
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4. Case 2 
Once again the results of section 2 can be applied with p(x), T(x), Z?(x), and 
s(x) taken to be the counting series for Case 2 of [6 031. There p = 
0.2367771669. . . , so we have p = In(1 + p) = 0.212508937. . . . In [6 §3] the 
values of A,, BP, AT, &, AR, &, &, &, A,, I$,, and A, are all determined to 
10 significant digits. As in the previous section, the assumptions concerning the 
series and their asymptotic behavior are verified. Hence we used the values 
obtained in [6§3] as input to equations (2.7), (2.8), (2.9), (2.10), and (2.11) to 
obtain: 
P, = n! p-“n-:AP 1+ EL’ + O(s)) 
n 
where 
AP = 0.1928169230. . , 
BP = 0.5090632210. . , 
Also 
T, = n! p-‘?-~A, 1 + ET+ O(s)) 
n. 
where 
AT = 0.0794186525. . , 
BT = 2.259683002. . . , 
R, = n! p-“n-GAR 1 + + + O(s)) 
( 
where 
A, = 0.1093548242. . . , 
BR = 1.047014483. . . , 
Also 
where 
A, = 1.376941321, . . , 
BP = -1.212668519. . , 
Also 
S,=n!p-“n_fA, 
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where 
As = 0.1505751762. . , 
B,= -0.5660531466.  . , 
Finally 
a: = nA, + O(1) 
where 
A,, = 0.3670613002. . . 
5. Summary and conclusions 
In this paper we have completed our analysis of the enumeration of the twelve 
classes of phylogenies. The two final cases which we studied here both allow 
multiple labelling of vertices. They are: (i) no vertices of degree two and interior 
vertices may possibly be labelled, and (ii) there are no restrictions on vertex 
degree but only vertices of degree one or two can be labelled. The exact and 
asymptotic number of phylogenies with given magnitude, along with the mean 
and variance of their order was also determined. 
The method used to derive cases 1 and 2 from the previously analyzed 
singleton-label cases is a general one, which could have been applied to the other 
multiple-label classes of phylogenetic trees analysed in previous papers by the 
authors. It is in the nature of the general transformation that a linearly growing 
variance of the order in a singleton-label case implies the same behavior of the 
variance of the order in the corresponding multiple-label case. In fact the 
variance of the order is indeed linear in each class studied. 
References 
[l] E.A. Bender, Asymptotic methods in enumeration, SIAM Rev. 16 (1974) 485-515. 
[2] J. Felsenstein, The number of evolutionary trees, Systematic Zoology 27 (1978) 27-33. 
[3] L.R. Foulds and R.W. Robinson, Determining the asymptotic numbers of phylogenetic trees, 
Combinatorial mathematics VII, Lecture notes in mathematics 829 (Springer-Verlag, Berlin 
1980) 110-126. 
[4] L.R. Foulds and R.W. Robinson, Enumeration of binary phylogenetic trees, Combinatorial 
mathematics VIII, Lecture notes in mathematics 884 (Springer-Verlag, Berlin 1981) 187-202. 
[S] L.R. Foulds and R.W. Robinson, Enumeration of phylogenetic trees without points of degree 
two, Ars Combinatoria, 17A (1984) 169-183. 
[6] L.R. Foulds and R.W. Robinson, Counting certain classes of evolutionary trees, Congr, numer. 
44 (1984) 65-88. 
[7] F. Harary, Graph theory (Addison-Wesley, Reading, Mass., 1969). 
[S] F. Harary and E. Palmer, Graphical enumeration (Academic, New York, 1973). 
[9] F. Harary, R.W. Robinson, and A.J. Schwenk, Twenty step algorithm for determining the 
asymptotic number of trees of various species, J. Austral. Math Sot. Ses. A 20 (1975) 483-503. 
[lo] E. Hille, Analytic function theory, Vol. 1 (Ginn, Boston, 1959). 
[ll] E.D. Penny, L.R. Foulds, and M.D. Hendy, Testing the theory of evolution by comparing 
phylogenetic trees, Nature 297 (1982) 197-200. 
